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Abstract 



Recently the adjoint algebraic entropy of endomorphisnis of abelian groups was introduced and studied in 

[7]. We generalize the notion of adjoint entropy to continuous endomorphisms of topological abelian groups. 

Cn I Indeed, the adjoint algebraic entropy is defined using the family of all finite-index subgroups, while we take 

only the subfamily of all open finite-index subgroups to define the topological adjoint entropy. This allows us 

^^ I to compare the (topological) adjoint entropy with the known topological entropy of continuous endomorphisms 

of compact abelian groups. In particular, the topological adjoint entropy and the topological entropy coincide 

on continuous endomorphisms of totally disconnected compact abelian groups. Moreover, we prove two Bridge 

,J^ ■ Theorems between the topological adjoint entropy and the algebraic entropy using respectively the Pontryagin 

j^ I duality and the precompact duality. 



1 Introduction 
in 

^ ' In the same paper [T] where they introduced and studied the topological entropy htop for continuous maps of 

^V . compact spaces (see Section[S]for the precise definition), Adler, Konheim and McAndrew defined the algebraic 

entropy of endomorphisms of abelian groups. The notion of algebraic entropy was studied later by Weiss [19], 



f— ^ , who gave its basic properties and its relation with the topological entropy. 

The algebraic entropy of an endomorphism of an abelian group G measures to what extent 4> rnoves the 
(^ ' finite subgroups F of G. More precisely, according to [Hill], for a positive integer n, let 

O' 

T„((/.,F)-F + 0(F) + ... + (/."-^(F) 



.,__,, be the n-th (fy-trajectory of F. The algebraic entropy of (j) with respect to F is 

and the algebraic entropy of : G — > G is 

eni{(f)) = sup{H{(j>,F) : F is a finite subgroup of G}. 

Clearly ent((^) — ent{(f> \t{G))j where t{G) denotes the torsion part of G; so the natural context for the algebraic 
entropy is that of endomorphisms of torsion abelian groups. Many papers in the last years were devoted to 
the study of various aspects of the algebraic entropy, and mainly ^ , where its fundamental properties were 
proved. 

In analogy to the algebraic entropy, in [7| the adjoint algebraic entropy of endomorphisms (p of abelian 
groups G was introduced "replacing" the family of all finite subgroups of G with the family C{G) of all 
finite-index subgroups of G. Indeed, for N G C{G), and a positive integer n, let 

B„(0, N)^Nn^-^iN)n...n ^-''+\n); 



the n-th (p-cotrajectory of N is 

C„(0,iV)= ^ 



Each Cn{(t>,N) is finite, as each Bn{4>,N) € C(G), because the family C{G) is stable under inverse images 
with respect to </> and under finite intersections. The adjoint algebraic entropy of (j) with respect to N is 

g-(0,A^)=lim^"g'^"(^'^)'. (1.1) 



This limit exists and it is finite; in fact, as shown in [7, Proposition 2.3], 



the sequence ar, 



Cn+l{<l>,N) 



C„(0,iV) 



Bnic^^N) 



B^+i{(j),N) 



is stationary; (1-2) 



more precisely, there exists a natural number a such that a„ = a for all n large enough. The adjoint algebraic 
entropy of : G — >■ G is 

ent*(<?!)) ^ snp{H*{(j),N) : N e C{G)}. 

While the algebraic entropy has values in logN+ U {oo}, the adjoint algebraic entropy takes values only in 
{0, oo} as shown by (TJ Theorem 7.6]. This particular "binary behavior" of the values of the adjoint algebraic 
entropy seems to be caused by the fact that the family of finite-index subgroups can be very large. So in 
this paper we take only a part of it using the topology in the following way. For a topological abelian group 
{G,t), consider the subfamily 

CriG) ^{N £ C{G) : N r-open} 

of C{G) consisting of all r-open finite- index subgroups of G. 

Definition 1.1. For a topological abelian group {G,t) and a continuous endomorphism (j) : {G,t) — > {G,t), 
the topological adjoint entropy of (j) with respect to r is 

ent;(0) = sup{i/*(0, N):N £ Cr{G)]. (1.3) 

Roughly speaking, ent* is a variant of ent* but taken only with respect to some finite-index subgroups, 
namely, the r-open ones. Clearly, for (G, r) a topological abelian group and (j) : (G, r) — >■ (G, r) a continuous 
endomorphism, ent*(0) > ent* ((/)). For the discrete topology 5g of G, we have entt (</>) — ent*(0), so 
the notion of topological adjoint entropy extends that of adjoint algebraic entropy, and this provides a first 
motivation for this paper. 

In Section |3] we study the basic properties of the topological adjoint entropy, with respect to the typical 
properties of the known entropies. 

Note that we defined the topological adjoint entropy for a continuous endomorphism : (G, r) — >■ (G, r) 
of a topological abelian group (G, r). From a categorical point of view this seems to be the right setting, also 
as Cr{G) is stable under inverse images with respect to (j) just because (j) is continuous. On the other hand, 
the definition formally makes sense for not necessarily continuous endomorphisms, and furthermore the basic 
properties proved in Section [3] hold true even removing the continuity of the endomorphisms. So it may be 
desirable to study also this more general situation. 

Recall that a topological abelian group (G, r) is totally hounded if for every open neighborhood L/ of 
in (G, r) there exists a finite subset F of G such that U + F — G. Moreover, (G, r) is precompact if it is 

Hausdorff and totally bounded. Since the completion (G, r) of a precompact abelian group (G, r) is compact, 
the precompact abelian groups are precisely the subgroups of compact abelian groups. Moreover, the group 
topology r is said to be linear if it has a base of the neighborhoods of consisting of open subgroups. 

In Section[4]we consider other properties of the topological adjoint entropy, giving topological and algebraic 
reductions for its computation. In particular, we see that in order to compute the topological adjoint entropy 
of continuous endomorphisms of topological abelian groups, it suffices to consider precompact linear topologies 
(see Remark EtH). 

In Section [5l which contains the main results of this paper, we study the connections of the topological 
adjoint entropy with the topological entropy and the algebraic entropy. 

Note that the adjoint algebraic entropy is closely related to the algebraic entropy through the Pontryagin 
duality (see Section [2] for basic definitions and properties of the Pontryagin duality, see also [I21[T5]). Indeed, 
[71 Theorem 5.3], which is a so-called Bridge Theorem, shows that: 



Theorem 1.2 (Bridge Theorem ent*-ent). The adjoint entropy of an endomorphism cj) of an abelian group 
G is the same as the algebraic entropy of the dual endomorphism (j) of 4> of the (compact) Pontryagin dual G 
ofG. 

Moreover, Weiss proved the Bridge Theorem [191 Theorem 2.1] relating the topological entropy and the 
algebraic entropy through the Pontryagin duality: 

Theorem 1.3 (Bridge Theorem /itop-ent). The topological entropy of a continuous endomorphism <f> of a 
totally disconnected compact abelian group (G, r) is the same as the algebraic entropy of the dual endomorphism 

4> of (j) of the (torsion and discrete) Pontryagin dual {G,t) of{G,T). 

First of all we see that the topological adjoint entropy appeared in some non-explicit way in the proof 
of this classical theorem of Weiss. More precisely, Theorem 15.31 shows that the topological adjoint entropy 
coincides with the topological entropy for continuous endomorphisms of totally disconnected compact abelian 
groups (in particular, the topological adjoint entropy takes every value in logN+ U {oo}, a more natural 
behavior with respect to that of the adjoint algebraic entropy). Therefore, the topological adjoint entropy 
comes as an alternative form of topological entropy, with the advantage that it is defined for every continuous 
endomorphism of every abelian topological group, and not only in the compact case. So this provides a second 
motivation for introducing the adjoint topological entropy. 

Here comes a third motivation for the topological adjoint entropy. Indeed, the following Bridge Theorem 
11.41 relating the topological adjoint entropy and the algebraic entropy through the Pontryagin duality, extends 
Weiss' Bridge Theorem 11.31 from totally disconnected compact abelian groups to arbitrary compact abelian 
groups. On the other hand, this is not possible using the topological entropy, so in some sense the adjoint 
topological entropy may be interpreted as the true "dual entropy" of the algebraic entropy. 

Theorem 1.4 (Bridge Theorem ent*-ent). The topological adjoint entropy of a continuous endomorphism (j) 
of a compact abelian group (G, r) is the same as the algebraic entropy of the dual endomorphism (j) of (j) of the 
(discrete) Pontryagin dual {G,t) of {G^t). 

In analogy to the Bridge Theorem 11.21 between the adjoint algebraic entropy and the algebraic entropy, 
we give also another Bridge Theorem, making use of the precompact duality (see Section [2] for the basic 
definitions and properties of the precompact duality, see also [T ^ ll7 j ): 

Theorem 1.5 (Bridge Theorem ent*-ent). The topological adjoint entropy of a continuous endomorphism (f> 
of a precompact abelian group (G, r) is the same as the algebraic entropy of the dual endomorphism 0t of (f> 
of the precompact dual (G, t) of (G, r). 

The main examples in the context of entropy are the Bernoulli shifts; for K an abelian group, 

(a) the right Bernoulli shift /3k and the left Bernoulli shift kP of the group K^ are defined respectively by 

I3k[x(),xi,X2,.-.) = (0,2)0, xi,...) and kI3{xo,xi,X2, ■ ■ ■) = (xi,X2,X3, . . .); 

(b) the two-sided Bernoulli shift (3^ of the group K'^ is defined by 

P K{{xn)nez) = {xn-i)nez, for (a;„)„gz e K'^. 
Since K'^^'''^ is both /3A'-invariant and i^:/3-invariant, and K'^'^'^ is /3^-invariant, let 

Pk = Pk ixm , kP® = kP \Km and ^^ = 'p^ \Km ■ 

The adjoint algebraic entropy takes value infinity on the Bernoulli shifts, that is, if K is a non-trivial abelian 
group, then 

ent'^(/3®) = ent*{KP®) = ent*(^|) = oo. 

These values were calculated in [71 Proposition 6.1] applying [Tl, Corollary 6.5] and the Pontryagin duality 
(see Example 16. 1|) : we give here a direct computation in Proposition l6.2l This result was one of the main steps 
in proving the above mentioned [3 Theorem 7.6] showing that the adjoint algebraic entropy takes values only 
in {0, oo}. 
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Notation and Terminology 

We denote by Z, N, N+, Q and M respectively the integers, the natural numbers, the positive integers, the 
rationals and the reals. For m G N+, we use Zi^m) for the finite cyclic group of order m. Moreover, we 
consider T — R/Z endowed with its compact topology. 

Let G be an abelian group. For a set X we denote by G''^^ the direct sum 0^ G of \X\ many copies 
of G. Moreover, End(G) is the ring of all endomorphisms of G. We denote by Oq and idc respectively the 
endomorphism of G which is identically and the identity endomorphism of G. 

For a topological abelian group {G,t), if X is a subset of G, then X denotes the closure of X in {G,t); 
if there is no possibility of confusion we write simply X. Moreover, if TJ is a subgroup of G, we denote by 

Tq the quotient topology of r on G/H. If (G, r) is Hausdorff, then (G, r) is the completion of (G, r) and for 

4> : (G, r) — > (G, r) a continuous endomorphism, (j) : (G, r) — >■ (G, t) is the (unique) continuous extension of 

to {G,t). Furthermore, c{G) denotes the connected component of G. 

2 Background on dualities 

Let (G, r) be an abelian group. The dual group (G, r) of (G, r) is the group of all continuous homomorphisms 
(G, r) -^ T, endowed with the discrete topology. If 4> ■ (G, r) ^ (G, r) is a continuous endomorphism, its 
dual endomorphism 

(f)' : (G, r) ^> (G, r) is defined by (^'(x) = X° <!> for every x G (G, r) . 

For A C G and B C (G, r) , the annihilator A^ of A in (G, r) and the annihilator B^ of _B in G are 
respectively 

A^ = {X e {G,t)' : x(A) = 0} and B'^ = {g e G : x(g) = 0,Vx £ B}. 

Moreover, one can consider the map 

UJG ■■ {G,t) -^ {G,t)" defined by wg(5)(x) = x(3) for every 5 e G and x e (G^t)'. 

For a locally compact abelian group (G, t) the Pontryagin dual (G, r) of (G, r) is (G, r) endowed with 
the compact-open topology [TS] , denoted here by f . The Pontryagin dual of a locally compact abelian group 
is locally compact as well, and the Pontryagin dual of a (discrete) abelian group is always compact [T2J [T3] . 

The map log : (G, t) -^ (G, r) is a topological isomorphism. Moreover, for a continuos endomorphism 
(^ : (G, r) — >■ (G, t), its dual endomorphism 0' : (G, r) — )■ (G, r) is continuous, and it is usually denoted by 

d:{G^)^iGy). 

For basic properties concerning the Pontryagin duality see [21 [H] ■ 
We pass now to the precompact duality, studied mainly in [JH [T7] . 

Assume that {G,t) is precompact. Since (G^t) is dense in its compact completion K = (G,t), and since 
the continuous characters of (G, r) are uniformly continuous, they can be extended to K, and it follows that 
iG,T)' = K'. 

The precompact dual {G,t) of a precompact abelian group {G,t) is {G,t) endowed with the weak 
topology r^ generated by all elements of G considered as continuous characters; this is the topology of (G, t) 
inherited from the product topology of T*^, since (G, r)' can be considered as a subgroup of T'-^. Then (G, ry 
is a precompact abelian group. As proved in [T71 Theorem 1], the map cjg : {G,t) -^ {G,Ty^ is a topological 
isomorphism. The same result follows from |14[ Propositions 2.8, 3.9 and Theorem 3.11]. Moreover, if 
(j) : (G^t) -^ {G,t) is a continuous endomorphism, then the dual endomorphism 0' : {G,t) -^ {G,t) 
continuous [IT], and it is usually denoted by 

</.t:(G,r)t^(G,r)t. 



is 



The precompact duality has the same basic properties of the Pontryagin duahty. Indeed, also in this case 
the annihilators are closed subgroups of {G,t) and {G,t); furthermore, by [JJTj Remark 10], if [G^t) is a 
precompact abelian group and H a closed subgroup of {G,t), then: 

(a) {G/H,Tqy is topologically isomorphic to {H^,t^ \h^)\ 

(b) {H,T \h) is topologically isomorphic to {{G,Ty /H^, iT^)q)'i 

(c) the map H M> H^ defines an order-inverting bijection between the closed subgroups of (G, r) and the 
closed subgroups of (G, r) ' . 

Moreover, it is possible to prove the following properties, exactly as their counterparts for the Pontryagin 
duality (see [T2] for (a) and (b), and [7] for (c)). 

Fact 2.1. (a) If F is a finite abelian group, then F'^ ^ F. 

(h) If Hi, . . . , Hn are subgroups of a precompact abelian group G, then (X]"=i ^»)^ —top fXi=iH^ and 

(nr=i -^0^ -top ELi ^i^- 
(c) If G is a precompact abelian group, H a subgroup of G and cf) : G ^f G a continuous endomorphism, 

then {(jj-^iH))^ = (0t)»(ijJ^) for every n€N. 

3 Basic properties of the topological adjoint entropy 

In this section we show the basic properties of the topological adjoint entropy, with respect to the usual 
basic properties possessed by the known entropies, as in particular the algebraic entropy and the topological 
entropy. These properties were discussed in [3 Section 8] for the adjoint algebraic entropy. Since our setting 
involving topology is more general, they require a new verification, even if formulas from [^ are applied in 
the proofs. 

We start giving the following easy observation about the monotonicity of II*{(j), — ) with respect to sub- 
groups. 

Lemma 3.1. Let G be an abelian group, (j) S End(G) and N,M € C{G). If N C M , then Bn{(j),N) C 
B„(0, M) and so |G„(<^, N)\ > |G„(<?!), M)\ for every n e N+. Therefore, H*{4., N) > H*{(t), M). U 

We have also the following monotonicity with respect to the topology. 

Lemma 3.2. Let G be an abelian group and t,t' group topologies on G. If t < t' on G, then ent*(0) < 

Example 3.3. It easily follows from the definition that ent*(OG) = ent* (idc) = for any topological abelian 
group {G,t). 

The first property is the invariance under conjugation. 

Lemma 3.4. Let {G,t) be a topological abelian group and (j) : {G,t) — )■ {G,t) a continuous endomorphism. 
If {H, a) is another topological abelian group and ^ : (G, r) — ^ {H, a) a topological isomorphism, then 

ent:(eo0or')-cnt:(0). 

Proof. Let A'' G Ca{H) and call 9 = ^ o cf) o ^^^. Since ^ is a topological isomorphism, ^~^{N) S Cr{G). In 
the proof of [71 Lemma 4.3], it is shown that H*{e,N) = iJ*(0,^"i(A^)) for every N 6 Ca{H), and hence 
ent*(6') =ent*(0). D 

The second property is the so-called logarithmic law. 

Lemma 3.5. Let {G,t) be a topological abelian group and (j) : {G,t) — >■ {G,t) a continuous endomorphism. 
Then for every k e N+ , 

ent*(0'=) =fc-ent*(0). 



Proof. For N £ Cr{G), fixed fc G N+, for every n e N+ we have Cnk{<l>, N) = C„ (</)''', 5^(0, A^)). Then, by the 
proof of [li Lemraa 4.4], 

fc • H*i^, N) = ff*(0^ Bfe(0, TV)) < ent^C^'^). 

Consequently, k ■ ent*((/)) < ent*(0'^). 

Now we prove the converse inequaUty. Indeed, by the proof of fT", Lemma 4.4], for N e Cr{G) and for 
fceN+, 

This shows that k ■ ent*(0) > ent*(0'^), that concludes the proof. D 

The next lemma shows that a topological automorphism has the same topological adjoint entropy as its 
inverse. 

Lemma 3.6. Let (G, r) be a topological abelian group and (j) : (G, r) — > (G, r) a topological automorphism. 
Then ent*{(t)) = ent*((/)-i). 

Proof. For every n G N+ and every N G Ct{G), we have H*{(p, N) = H*{4>^^, N) by the proof of ^7, Lemma 

4.5], and hence ent*(0) = ent*(0^-^). D 

The following corollary is a direct consequence of the previous two results. 

Corollary 3.7. Let {G,t) be a topological abelian group and (j) : {G,t) — > {G,t) a topological automorphism. 
Then ent* (</)'') = |fc| • ent*((/)) for every fc G Z. 

The next property, a monotonicity law for induced endomorphisms on quotients over invariant subgroups, 
will be often used in the sequel. 

Lemma 3.8. Let {G,t) be a topological abelian group, (j) '■ {G,t) — > {G,t) a continuous endomorphism and 
H a (p-invariant subgroup of G. Then ent*(0) > ent* [cj)), where (f> : {G/H,Tq) — ;■ {G/H,Tq) is the continuous 
endomorphism induced by (j). 

Proof. Let N/H G Cr^{G/Hy, then N G Cr{G). Since i? C A^ and iJ is (/)-invariant, H C 0-"(iV) for every 

n G N. Consequently, H C Bn{4>,N) for every n G N+. Since "'{N/H) = (j)~"{N)/H for every n G N, we 
have B„(^, N/H) = B„((/', N)/H for every n G N+. Therefore, for every n G N+, 

Cn($,N/H) - {G/H)/{B^{4>,N)/H) = G/B,,{4>,N) = C.^^N). 

Hence, 

H*($,N/H)^H*i(b,N), (3.1) 

and this proves ent*(0) < ent*{(j)). D 

In general the topological adjoint entropy fails to be monotone with respect to restrictions to invariant 
subgroups [7]. Nevertheless, if we impose sufficiently stronger conditions on the invariant subgroup, we obtain 
more than the searched monotonicity in Lemma 13.91 and Proposition 13.111 

Lemma 3.9. Let {G,t) be a topological abelian group, (j) '■ {G^t) — > {G,t) a continuous endomorphism and 
H a <j)-invariant subgroup of {G,t). If H E Cr{G), then ent*{(J3) — ent*, {<j) \h)- 

Proof. Let N G Cr^^iH). Since H G Cr{G), it follows that N G Cr{G) as well. By the proof of ff, Lemma 
4.9] this implies ent*{(j)) > ent*^^{(j} \h). On the other hand, if TV G CriG), then N (IH e CriaiH), and 
Bn{(j),N)<r]H = Bn{(j) \H,Nr\H) for every n G N+. Therefore, H*{(t),N) = H*{(j) \h,N) and we can conclude 
that ent^((/)) < ent*f^(0 \h)- Hence, ent*((/)) < ent*f^(0 \h). □ 

Let G be an abelian group and H a subgroup of H. Since there exists an injective homomorphism 
6 : H/N nH -^ G/N induced by the inclusion H ^ G, the map ^ : C(G) -J> C{H) defined hy N ^ N n H 
is well-defined. Consider now the group topology r on G. Then ^ restricts to £, : Cr{G) — !> CriniH), and 
L : H/N n iJ — > G/N is continuous with respect to the quotients topologies. Moreover, we have the following 

Lemma 3.10. Let (G, r) be a topological abelian group and H a dense .subgroup of (G, r). Then ^ : Cr{G) — >■ 
CriniH) defined by N i-^ N D H is a bijection and its inverse is rj : CriniH) — >■ Cr{G) defined by M t-^ M. 



Proof. Let N €Cr{G). Then M ^N nH eCr^^ JH) and N = M m {G,t); indeed, N CNDH, because if 
is dense in (G, r), and so N = N f) H, since A^ is an open subgroup and so closed. D 

Proposition 3.11. Let {G,t) be a topological abelian group, (j) : {G,t) -^ (G,t) a continuous endomorphism 
and H a dense <f>-invariant subgroup of {G,t). Then ent*(0) = ent*|. (0 \h)- 

Proof. Let N e Cr{G) and M = NDH. By Lemma [3.101 the continuous injective homomorphism l : H/M — !> 
G/N is also open. Since H is dense in {G,t), the image of H/M under l is dense in G/N, which is finite; 
hence H/M = G/N. Moreover, H/Bn{(f> \h,M) = G/Bn{<t), N) for every n e N+; indeed, for every n e N+, 

n—1 oo n—1 

Bn{c^, N)nH^ f] (f>-\N) riH^ n('^"'(^) n i/) = fl (f>-\N) = B,,{(f>, M). 

i=0 i=0 1=0 

Applying the definition, we have H*{(j),N) = H*{(f> \h,M) and so ent*(0) — ent*^^{(f> \h). □ 

Corollary 3.12. Let {G,t) be a Hausdorff abelian group, (j) : {G,t) — >■ {G^t) a continuous endomorphism, 

and denote by r the topology of the completion {G,t) of {G,t) and by : {G,t) -^ {G,t) the extension of (f>. 
Then 

ent*(</>) =enti(0). 

Now we verify the additivity of the topological adjoint entropy for the direct product of two continuous 
endomorphisms . 

Proposition 3.13. Let{G,T) be a topological abelian group. If {G,t) — {Gi,ti)x{G2,T2) for some subgroups 
Gi,G2 of G with Ti ^ T \Gi,'r2 = t \g2! '^'^d (f> ^ (fii x (l>2 : G ^ G for some continuous (f>i : (G,ti) -^ 
{G,Ti),(f>2 : (G2,T2) -> (G2,T2), then 

ent;(</.) = ent;^(0i) +ent*^(<?!>2). 

Proof Let N e Cr{G). Then N contains a subgroup of the form A^' = A^i x iV2, where iV,; ^ Nr\Gi e C^iGi) 
for i = 1, 2; in particular, N' £ Ct{G). For every n E N+, we have 

\Gni(b,N)\ < \Gni(b,N')\ = |G„(0i,iVi) x C„{(b2,N2)\ 

and so 

H''{q^,N)<H*{<j,,N')^H^q^i,Ni)+H*i<P2,N2). 

Now the thesis follows from the definition. D 

The continuity for inverse limits fails in general, as shown in [7]. But it holds in the particular case of 
continuous endomorphisms (j) of totally disconnected compact abelian groups {K,t). In fact, Theorem 15.31 
will show that in this case the topological adjoint entropy of coincides with the topological entropy of 0, 
and it is known that the topological entropy is continuous for inverse limits [T]. 

4 Topological adjoint entropy and functorial topologies 

Let (G, r) be a topological abelian group and </> : (G, r) -^ (G, r) a continuous endomorphism. Obviously, 
ent*(0) < ent*(0) since the supremum in the definition of the topological adjoint entropy (see ()1.3p ') is taken 
over the subfamily Cr{G) of C{G) consisting only of the r-open finite-index subgroups of G. 

For an abelian group G, the profinite topology "fc of G has C{G) as a base of the neighborhoods of 0. So 
it is worth noting that C{G) = Cry^{G), and the next properties easily follow: 

Lemma 4.1. Let {G,t) be a topological abelian group and (p : {G,t) — )■ {G,t) a continuous endomorphism. 
Then: 

(a) ent*{cj))=ent*^{c^); 

(b) ifT>jG, then ent*(0) = ent*^{(f)) = ent*{(f)). 



We consider now two modifications of a group topology, wfiicfi are functors TopAb — ^ TopAb, where 
TopAb is the category of aU topological abelian groups and their continuous homoniorphisms. 
If (G, t) is a topological abelian group, the Bohr modification of r is the topology 

r+ — supjr' : t' <T, r' totally bounded}; 

this topology is the finest totally bounded group topology on G coarser than r. Actually, r+ ::= infjr, Pq}, 
where Vg is the Bohr topology, that is, the group topology of G generated by all characters of G. Note that 
5q = Jg, where Sg denotes the discrete topology of G. 

Let Ab be the category of all abelian groups and their homomorphisms. Following [lOj . a functorial 
topology is a class r = {ta ■ A G Ab}, where {A,ta) is a topological group for every A G Ab, and every 
homomorphism in Ab is continuous. In other words, a functorial topology is a functor r : Ab — > TopAb 
such that t{A) = {A,ta) for every A € Ab, where ta denotes the topology on A, and T{(f)) ~ </> for every 
morphism (j) in Ab [3]. 

For an abelian group G the profinite topology jg and the Bohr topology Vg are functorial topologies, as 
well as the natural topology vg, which has {mG : m G N+} as a base of the neighborhoods of 0. Moreover, 
the profinite and the natural topology are linear topologies. These three functorial topologies are related by 
the following equality proved in [B]: 

7G = inf{z/G,^G}. (4.1) 

The second modification that we consider is the linear modification t\ of r, that is, the group topology 
on G which has all the r-open subgroups as a base of the neighborhoods of 0. 

Lemma 4.2. For G an abelian group, (Vg)\ — 1g- 

Proof. Since 7g < Vg, we have (7g)a < {Vg)\- Moreover, 7g = (7g)a and {Vg)\ < 7g- D 

Proposition 4.3. Let {G,t) and {H,a) be abelian topological groups and (j) : {G,t) -^ iH,a) a continuous 
surjective homomorphism. 

(a) If T is linear and totally bounded, then a is linear and totally bounded as well. 

(b) If (G, r) is bounded torsion and totally bounded, then r is linear. 

Proof, (a) It is clear that a is totally bounded. 

Assume first that r is precompact. Since r is linear and precompact, (G, r) is compact and linear. The 

extension (p : (G, r) — > [H, a) is continuous and surjective, so open as (G, r) is compact. Consequently, [H, a) 
is compact and linear. Now we can conclude that a is linear as we ll. 

If now T is only totally bounded, consider the quotient (G/{0} , Tq) of (G, r). Then r, is precompact, and 
it is linear since r is linear. The homomorphism : (G/{0} ,Tq) -^ (G/{0} ,aq) induced by is surjective 
and continuous. By the previous case of the proof we have that aq is linear. Since a is the initial topology of 
(Tg by the canonical projection, we can conclude that a is linear as well. 

(b) Assume first that r is precompact. Since (G, r) is bounded torsion, its (compact) completion (G, r) is 
bounded torsion as well. Therefore, (G, r) is compact and totally disconnected, so linear. 

If now T is only bounded torsion, consider the quotient (G/{0} , Tq) of (G, r). This quotient is precompact 
and so Tq is linear by the previous part of the proof. Since r is the initial topology of Tq by the canonical 
projection, r is linear as well. D 



We collect in Lemma IT^ some basic properties of the combination of the linear and the Bohr modifications. 
Lemma 4.4. Let (G, t) be a topological abelian group. Then: 

(a) (ta)^ — (t^)\, so we can write simply t^ ; 

(b) T^ is linear and totally bounded; 

(c) T is linear and totally bounded if and only if t = t^ ; 

(d) C^^{G) - Cr,{G) = C.,^{G) = Cr{G) C C{G): 

(e) Cr{G) is a base of the heighbourhoods of in {G,t^); 



(f) Tx =inf{T,7G}. 

Proof, (a), (b), (c), (d) and (e) are clear. 

(f) Clearly, t^ < inf{T, 7^}. On the other hand, Proposition 14. 3f a) implies that infjr, 7^} is linear and 
totally bounded, hence it coincides with r^. D 

In particular, we have the following diagram in the lattice of all group topologies of an abelian group G: 



IG 




For an abelian group G, recall that G^ — HnGN ^^ ^^ ^^^ first Ulm subgroup, which is fully invariant in 
G. It is well known that G^ = r\Nec{G) ^ P^ - 

For a topological abelian group (G, r), in analogy to the first Ulm subgroup, define 

Gi^ n ^' 

Nec^iG) 

and let 0^ : {G /G\, Tq) — > {G IG\, Tq) be the continuous endomorphism induced by 0, where Tq is the quotient 
topology of T. Note that, unlike the Ulm subgroup, its topological version G\ may fail to coincide with 
p|{nG : n G N+, riG G Cr{G)} as the following example shows. 

Example 4.5. Let G = Z(p)*^^) for a prime p, and let t be the product topology on G. Then G]. — 0, while 
n{nG : n e N+, nG e Cr{G)} = G. 

The equality proved in Proposition I4.7f a) below shows the correct counterpart of the equality in the 
topological case. 

Since G is residually finite if and only if G^ = 0, we say that G is r-residually finite if G]. — 0. Note that 
{G/G\)\ — 0. Clearly, for G an abelian group, 7G-residually finite means residually finite. Furthermore, 
G\ 3 G^ and so r-residually finite implies residually finite. The following example shows that the converse 
implication does not hold true in general. 

Example 4.6. Let a e T be an element of infinite order, consider the inclusion Z ^- T given by 1 1— >■ a and 
endow Z with the topology Tq inherited from T by this inclusion. Then Z^ = 0, while Z^ = Z. In particular, 
Z is residually finite but not Tc-residually finite. 

Item (a) of Proposition 14.71 gives a different description of G\, while item (b) shows the relation between 
the dual of a topological abelian group (G, r) and the dual of (G, r^); both parts use t{{G, r)'). 

Proposition 4.7. Let {G,t) be a topological abelian group. 

(a) Then G^ = nxe(((G,r)') kerx. 

(b) If G is T -residually finite, then {G,t^)' — t{{G,T)'). 

Proof. Let N G Cr{G) and let x e (G, r)' be such that x{N) = 0. Then x G t{{G, t)'). In fact, since G/N is 
finite, there exists m G N+ such that mG C TV. Then xi^nG) — and so mx — 0; in particular, x G t{{G, t)'). 

(a) Let N e Cr{G). Since G/N is finite and discrete, G/N is isomorphic to Z(fci) x . . . x lj{kn), for some 
ki,. . . ,kn e N+. For each i = I, . . . ,n, let Xi ■ ^(^j) — >■ T be the embedding. Then x — Xi x ■ ■ • x Xn gives 
an embedding G/N — >• T". Let now x — X°^^ (C, t)' , where tt : G — >■ G/N is the canonical projection. So 
N = kerx- By the starting observation in the proof, x G i{{G,T)'). This proves that G]. 3 nyetffG t)') kerx- 
To verify the converse inclusion it suffices to note that, if x G t{{G, t)'), then kerx £ Cr{G). 

(b) Fix a neighborhood f7 of in T that contains no non-zero subgroups of T. For every continuous 
character x '■ {G,t^) — > T, there exists N e Ct{G) such that x(^) ^ U. By the choice of U this yields 



x{N) = 0, so X £ t{{G,Ty by the starting observation in the proof. Hence, we have verified the inclusion 

(G,r+)'Ci((G,r)'). 

To prove the converse inclusion, let x £ i{{G,Ty). We have to verify that x • {G,t^) — > T is continuous. 

First note that x : (G, t+) -^- T is continuous. Moreover, by hypothesis there exists m G N+ such that mx = 0, 

^+ 

and so x factorizes through the canonical projection tt : {G,t'^) — t- {G/mG ,t^), where t^ is the quotient 

topology of r+, and the continuous character x '■ {G/mG , r+) ^ T, that is, X = X ° "'■ Now {G/mG , t+) 



is precompact and bounded torsion, so linear by Proposition I4.3f b). This yields that x '■ {G,t^ 
continuous, hence t{{G,Ty) C {G,T^y, and this concludes the proof. 



^ T is 
D 



A consequence of this proposition is that, in case G is a residually finite abelian group, then (G, 70)' = 
i(Hom(G,T)); this equality is contained in [6l Lemma 3.2]. Since (/>''— (p Ittd)' Theorem 11.21 yields ent*{(j)) = 
ent{(j) \f(g)) = ent(0'^), where <j)'^ : (G,7g) -^ (G,7g) ■ In particular, Gnt*(0) = ent(0'l'). The latter equality 
will be generalized by Theorem 15.51 

The next lemma gives a characterization of r-residually finite abelian groups in terms of the modification 



Lemma 4.8. For a topological abelian group {G,t) the following conditions are equivalent: 

(a) G is T -residually finite; 

(h) G is tJ/ -residually finite; 

(c) tJ/ is Hausdorff (so precompact). 
In particular, G/G\ is Tq-residually finite, where Tq is the quotient topology induced by r on G /G\. 

Proofi (a)^(b) Since Cr{G) = C^+{G), we have that G]. = G\. 
(a)<:=>(c) It suffices to note that G^ == {0} ^ . 



D 



Remark 4.9. Let {G,t) be a topological abelian group and let (j) : {G,t) ^> {G,t) be a continuous endo- 
morphism. 

(a) To understand where the topology t^ comes from, consider the Bohr compactification 6(G, r) of (G, r) 
with the canonical continuous endomorphism gc ■ {G,t) -^ b{G,T). We have the following diagram: 

b{G,T) 



{G,t) 




b{G,T)/c{b{G,r)) 



{G,r 



where tt : b{G,T) — )> b{G , t) / c{b{G , t)) is the canonical projection, s ~ t: o qq and s\ is s considered 
on (G, T^), that is, s — s\ o ida- Then r^ is the initial topology of the topology of 6(G, T)/c{b{G, r)), 
which is the (compact and totally disconnected) quotient topology of that of 6(G, r). 

(b) The von Neumann kernel kei gc is contained in G].. Indeed, for N 6 Cr{G), the quotient G/N is 
finite and discrete. So the characters separate the points of G/N, and therefore ker go C N. Hence, 
kergG C G^. 

(c) Assume that G is r-residually finite. We show that s (and so sx) is injective. Then go is injective by 
item (b). Moreover, s is injective as well. In fact, ker gc — 0, and so we have kers = G fl c(6(G,t)). 
Since b{G,T) is compact, c{b{G,T)) — G\^. Therefore, denoted by t^ the topology of b{G,T), kers = 
CnflArec.JKG.r)) ^ = C\Nec^,ib{G,r)){G r\ N) = ClMeCAG) M^Gl, and G^ = by hypothesis. Hence, 
kers = 0. 
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(d) If (G, r) is precompact and G is r-residually finite, then 6(G, r) 
So the diagram in item (a) becomes: 



{G,t) ^ndb{G,T)/c{b{G,T)) = {G,Tx). 



iG,T 



(G,r+) 



(G,r) 



(4.2) 




(G,r)/c((G,r)) 



where tt = idc. Note that the right hand side of the diagram consists of the completions of the groups 
on the left hand side. 

Now we pass to the main part of this section, in which we give reductions for the computation of the 
topological adjoint entropy. 

The next proposition gives a first topological reduction for the computation of the topological adjoint 
entropy. Indeed, it shows that it is sufficient to consider group topologies which are totally bounded and 
linear. Note that if : {G,t) -> {G,t) is a continuous endomorphism of a topological abelian group {G,t), 
then (j) '■ {G,T^) —^ {G,t'^) is continuous as well, since, as noted above, both the Bohr modification and the 
linear modification are functors TopAb — > TopAb. 

Proposition 4.10. Let (G,t) be a topological abelian group and (j) : {G,t) — )> {G,t) a continuous endomor- 
phism. Then 

ent*{(t>) = ent;^(0) = ent*+(0) = cnt*+(0). 



Proof. Since Ct{G) — C^+{G) by Lemma im d). by the definition of topological adjoint entropy it is possible 
to conclude that ent*{(j)) — ent*^{(f)). To prove the other two equalities, it suffices to apply Lemma [3.21 D 



The following result, which generalizes 7, Proposition 4.13], is another reduction for the computation of 
the topological adjoint entropy. In fact, it shows that it is possible to restrict to r-residually finite abelian 
groups. 

Proposition 4.11. Let {G,t) be a topological abelian group and <j) : {G,t) —^ {G,t) a continuous endomor- 



phism. Then ent^((/)) = ent* 



where Tq is the quotient topology induced by t on G/G\. 



Proof. By Lemma [Ml ent*(0) > ent%^{(l)\) . Let N £ Cr{G). Then G\ C iV, and so N/G^ G Cr,{GIG\). 
By dSr]), we know that H''{(f),N) = H* {(j)\ , N / Gl) < ent*^{(f>l). Then ent^(0) < ent*_^(0^), and hence 
ent^((/.)=ent*^((/.i). ' ' D 

Remark 4.12. Let {G,t) be a topological abelian group and let (j> : {G,t) —> {G,t) be a continuous 
endomorphism. For the computation of the topological adjoint entropy of cf) we can assume without loss of 
generality that t is precompact and linear. 

Indeed, by Proposition 14. Ill we can assume that G is r-residually finite. Moreover, by Lemma [4.81 this is 
equivalent to say that r^ is precompact. Now, we can assume without loss of generality that t = t^ in view 
of Proposition 14. 101 in other words, r is precompact and linear. 

If in Proposition 14.111 one considers a 0-invariant subgroup of G contained in G]. instead of G]. itself, 
then the same property holds. In particular, every connected subgroup ff of G is contained in G^, as each 
N e Ct-(G) is clopen and so N ^ H. So we have the following consequence of Proposition 14. Ill showing the 
additivity of the topological adjoint entropy when one considers connected invariant subgroups. 
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Corollary 4.13. Let {G,t) be a topological abelian group, (j) : {G,t) — > {G,t) a continuous endomorphism 
and H a (jy-invariant subgroup of {G,t). If H is connected, then eat*,- {(p \h) = and ent*((/)) = ent* {<j)), 
where cf) : {G/H,Tq) -^ {G/H,Tq) is the continuous endomorphism induced by (j). 

In particular, Corollary 14.131 holds for the connected component of {G,t), namely, ent*{(j)) = ent* {(j)), 

where ^ : ((G, t)/c{G, T),Tq) -> ((G, t)/c{G, T),Tq) is the continuous endomorphism induced by (j). Therefore, 
the computation of the topological adjoint entropy may be reduced to the case of continuous endomorphisms 
of totally disconnected abelian groups. 

5 Topological adjoint entropy, topological entropy and algebraic 
entropy 

Since our aim is to compare the topological adjoint entropy with the topological entropy, we first recall the 
definition of topological entropy given by Adler, Konheim and McAndrew [T]. For a compact topological 
space X and for an open cover U of X, let N{U) be the minimal cardinality of a subcover of U. Since X is 
compact, N{U) is always finite. Let H{U) = log N{U) be the entropy ofU. For any two open covers U and 
V of X, let W V V = {[/ n y : [/ e Z^, V^ e V}. Define analogously Wi V . . . V iY„, for open covers ^Yi, . . . , W„ of 
X. Let ip : X ^f X he d. continuous map and U an open cover of X. Then ip^^{U) ~ {■iIj^^{U) : U G U}. The 
topological entropy of ip with respect to U is 

and the topological entropy of -0 is 

htopiip) — snp{Htop{ip,U) '■ U open cover of X}. 

Remark 5.1. Peters |16l modified the above definition of algebraic entropy for automorphisms <f> of arbitrary 
abelian groups G using finite subsets instead of finite subgroups. In 5 this definition is extended in appropriate 
way to all endomorphisms of abelian groups, as follows. For a non-empty finite subset _F of G and for any 
positive integer n, the n-th (p -trajectory of F is T„(0, F) ^ F ^ (t>{F) + . . . + (/)""i(i^). The limit H{(t>, F) = 
lim„^oo °^ ' '^^'^' -^ exists and is the algebraic entropy of <j) with respect to F. The algebraic entropy of (j) is 

h{4)) — s\vp{H {(j) , F) : F C G non-empty, finite}. 

In particular, ent(0) = h{(j) \t{G))- 

In ^ we strengthen Theorem 11.31 proving the following Bridge Theorem for the algebraic entropy h in 
the general setting of endomorphisms of abelian groups: 

Let G be an abelian group and (p G End(G). Then h((j)) = htop{(f>)- 

We see now that it is in the proof of Weiss' Bridge Theorem 11.31 that one can find a first (non-explicit) 
appearance of the topological adjoint entropy. Indeed, that proof contains the following Lemma 15.21 which 
gives a "local equality" between the topological adjoint entropy and the topological entropy. In this sense it 
becomes natural to introduce the topological adjoint entropy (and the adjoint algebraic entropy as in |:7I). 

Following [ini Section 2], for a topological abelian group {K, r) and G S Cr{G), let 

C(G) ^{x + G:x(eG}, 

which is an open cover of K. If K is precompact, then C(G) is finite, since every open subgroup of (K, r) has 
finite index in K. 

Lemma 5.2. Let {K, r) be a compact abelian group and let ip : (K, r) — > (K, r) be a continuous endomorphism. 
IfGeCriK), then 

H*i^P,G)^Htop{^P,aG)). 
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Proof. Let C S Cr[K). Obviously, N{C,{C)) = [K : C]. Moreover, one can prove by induction that 
C(V'""(C)) = ?/'""(C(C)) for every n S N+ and that C(Ci) V ... V C(C„) = C(Ci n . . . n C„) for every 
n £ N+ and Ci, . . . , C„ G Cr{K). This imphes that, for every n G N+, 

C(C) V ^p-\ac)) V ... V ^-"+i(C(C)) = ac n ^-i(C) n . . . n ^-"+i(C)) = c(i3„(V', c)), 

so that 

N{C{C) V ^"^C(C) V ... V v~"+^C(C)) = N{C{c n V"^(C) n . . . n v~"+^(C))) 

= 7V(C(B„(V,C))) 
= [if :i?„(V',C)] 
= |C„(V,C)1. 

Hence we have the thesis. D 

In view of this lemma we can connect the topological adjoint entropy and the topological entropy for 
continuous endomorphisms of compact abelian groups: 

Theorem 5.3. Let {K,t) he a compact abelian group and let tp : {K,t) — > (i^, r) he a continuous endomor- 
phism. Then 

ent;(V') = ent^_^(^) = hopW, 

where ijj : {K/c{K),Tq) — >■ {K/c{K),Tq) is the continuous endomorphism induced by ip and Tq is the quotient 
topology induced by r on K/c{K). 

In particular, if {K,t) is totally disconnected, then ent*('0) = htopi^j)- 

Proof. Corollary 14. 131 gives eni*{tp) = ent* {ip). Since {K/c{K),Tq) is totally disconnected, every open cover 
of K/c(K) is refined by an open cover of the form ({C), where C G Cr {K/c{K)). Hence, 

htopW = snp{Htop(^,aC)) : C e Cr^{K/c{K))}. (5.1) 

By Lemma [n?ll ent* (V') = htopi'ip). □ 

The equality in (|5.ip is contained also in the proof of |19, Theorem 2.1]. 

As a corollary of Theorem 15. 31 and of Weiss' Bridge Theorem 1 1.31 we obtain the following Bridge Theorem 
between the algebraic entropy and the topological adjoint entropy in the general case of endomorphisms of 
abelian groups; this is Theorem 11.41 of the introduction. 

Corollary 5.4 (Bridge Theorem). Let (K, t) be a compact abelian group and ip : (K, r) -^ (K, r) a continuous 
endomorphism. Then 

ent*(V') = ent(f/'). 



Proof. Let G — K and cj) — ip. By the definition of algebraic entropy and by Theorem l5.3l we have respectively 

ent(0) = ent(0 \t(G)) and enti(V') = enti (V^), (5.2) 

where ip : {K/c{K),Tq) — > [I'C / c{K) ,Tq) is the continuous endomorphism induced by i]j and Tq is the quotient 
topology of T. By the Pontryagin duality t{G) is topologically isomorphic to K/c{K) and \t(G) is conjugated 
to "0 by a topological isomorphism. The topological entropy is invariant under conjugation by topological 
isomorphisms, so 

htop{<P \t{G)) = htop{ip)- (5.3) 

Now Theorem 11.31 and Theorem 15.31 give respectively 

ent(0 [((G)) = htopicp \t{G)) and ent~^{ip) = htop{ip). (5.4) 

The thesis follows from (ESI), lOl) and lOl). □ 
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This Bridge Theorem shows that the topological adjoint entropy ent* is the topological counterpart of the 
algebraic entropy ent, as well as the topological entropy htop is the topological counterpart of the algebraic 
entropy h in view of the Bridge Theorem stated in Remark 15.11 Indeed, roughly speaking, ent* reduces to 
totally disconnected compact abelian groups, as dually the algebraic entropy ent reduces to torsion abelian 
groups. 

The following is another Bridge Theorem, showing that the topological adjoint entropy of a continuous 
endomorphism of a precompact abelian group is the same as the algebraic entropy of the dual endomorphism 
in the precompact duality. Its Corollary 15.61 will show that this entropy coincides also with the algebraic 
entropy of the dual endomorphism in the Pontryagin duality of its extension to the completion. 

Theorem 5.5 (Bridge Theorem). Let {G,t) be a precompact abelian group and (p : {G,t) — > {G,t) a contin- 
uous endomorphism. Then 

ent*((/)) =ent(0^). 

Proof. Let N e CriG). Then F = A^-^ is a finite subgroup of {G,t)'' by Fact OJa). By Fact OJc) 
(0-"(iV))^ = {(t)^)"{F) for every n e N. Hence, B„(<?!),iV)^ = Tni(j)'',F) for every n £ N+ by FactO;b). It 
follows that 

|C„(^,iV)| = |C„(^,iV)t| = \B.r,{<P,N)^\ = m,{<t>^,F)\ 

for every n G N+, and this concludes the proof. D 

Corollary 5.6. Let {G,t) be a precompact abelian group. Denote by r the topology of the completion K = 
{G,t), let (j) : K -^ K be the extension of cf), and let (j) : K/c{K) — !> K/c{K) be the endomorphism induced by 
(j). Then 

ent{(j)^) = ent*(0) == ent|(^) = ent(<^) = htopQ>). 

Proof. The first equality is Theorem 15.51 the second is Corollarv 13.121 while the equality ent~((/)) — htop{<p) 
follows from Theorem 15.31 and ent((/)) = htop{(f>) from Thcorem ll.3l D 

In the hypotheses of Corollarv l5.6[ assume that (G, r) is linear. Then (G, r) is linear as well and we obtain 

eiit{(l3^) = ent*((/)) = ent~(0) = ent(0) = htopQ'). 

If one assumes only that (G, r) is a totally disconnected compact abelian group, then (G, r) is not totally 
disconnected in general (it can be connected), and the equality entir(0) = htopi'p) may fail as the following 
example shows. 

Example 5.7. Let G = Z and denote by r the compact topology of T. Let a G T be an element of infinite 
order, consider the inclusion Z — > T given by 1 h- > a and endow Z with the topology Tq inherited from T by 
this inclusion. Then (G, r^) is dense in T. Moreover, consider = /12 : T — > T, defined by 4'{x) = 2x for every 
X €T, and (j) — fJ.2 \g- _ _ 

Now ent*^((/)) — 0, by Proposition 15. 5f b) we have ent*(0) = cnt*^(0), and so ent~{<j)) — 0. 

On the other hand, the Kolmogorov-Sinai Theorem for the topological entropy of automorphisms of T" 
(see [milH]) gives htop{4>) = log 2. 

The situation described by Example 15. 71 can be generalized as follows. Suppose that (G, t) is a precompact 
abelian group such that G is r-residually finite. Let </> : (G, r) — )■ (G, r) be a continuous endomorphism and 

: {G,t) — i> {G,t) the extension of to {G,t). Since G is r-residually finite, tx — t^ is precompact 
by Lemma Hm Denote by (f>x the endomorphism (j) considered on {G,t\). Then (j)\ : {G,tx) -^ {G,t\) is 

continuous, and let (j)x : {G,t\) — > {G,tx) be the extension of (j) to {G,tx). Denote by r and tx respectively 
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the topology of {G,t) and {G,tx)- The situation is described by the foUowing diagram. 



(G,r) 



idc 



(G,ta) 



(G,r) 



(G,rA) 



(G,r) 



0A 



(G,rA) 



"t(G,r) 



ida—TT 



-^{G,Tx) = iG,r)/ci{G,T)) 



The right side face of the cubic diagram (which obviously coincides with the left one) is described by 

that is, (G, T\) = (G, t)/c{{G, r)) and the extension idc of ida ■ (G, r) — > (G, ta) coincides with the canonical 

projection n : {G,t) -^ {G , t) / c{{G , t)) . 

So in the cubic diagram we have four continuous endomorphisms, namely 4>, 4>\, 4> and ^a, that have the 
same topological adjoint entropy; indeed, Proposition 14.101 covers the front face of the cube (i.e., ent*{4>) = 
ent*^{(j)\)), while Coroharv 13.121 applies to the upper and the lower faces (i.e., ent*(0) — ent~{(f>) and 
ent*^((/>A) = cntij0A)). 

On the other hand we can consider the topological entropy only for and (j)\, as the completions are 



compact. By Theorem 15.31 'i 



top((PX 



) = ent?^(0A) and so h 



top{4>\) coincides with the topological adjoint 
entropy of the four continuous endomorphisms. For the topological entropy of we can say only that htop{4') > 



Hop\ 



v), in view of the monotonicity property of the topological entropy. 



We collect all these observations in the following formula: 



htop{4>) > htop{4i\) 



entij 



cnt;j0A) = ent;(0) = ent|(0). 



The next example shows that this inequality can be strict in the strongest way; indeed, we find a (j) such that 
htopi4>) = oo and htop{<l>x) = 0. 

Example 5.8. Let G = ®pgp^(p)- Since G is residually finite, 7g is Hausdorff by Lemma r4.8( and so Vg 
is Hausdorff as well, as 7g < Vg (see (|4.ip ). Moreover, 7g = vg- 

Let /i2 denote the endomorphism given by the multiplication by 2, and set = /X2 : G — ?> G. 

Consider </> : [G.Vg) — > [G^Vg)- Then cj) can be extended to the Bohr compactification K — bG oi G [K 
coincides with the completion of {G,Vg)) and let (p : K —^ K he this extension. By the density of G in K, 
and the uniqueness of the extension, (p — fj,2 '■ K ^ K . By Theorem 3.5 - Case 1 of the proof] with a = ^2, 
we have htop{4>) = 00. 

Consider now (f)\ : {G,^g) -^ {G,^g), where {'Pg)\ — 1g by Lemma W?]\ The completion K\ of {G,jg) 
is K\ — Ylpfzp'^ip), as 7g — i^g, and </> extends to (j)\ : K\ — > Kx\ denote by 7g the topology of K\. 
a) = 0, because every finite-index subgroup of K\ is (/)A-invariant. By Theorem l5.3l we have 



ipei 
Moreover, enti 



Hop\ 







ent^^((/>A) and so h, 



top\ 



= 0. 



6 The topological adjoint entropy of the Bernoulli shifts 

In the following example we recall the proof given in [7] of the fact that the adjoint algebraic entropy of the 
Bernoulli shifts is infinite. 

Example 6.1. If /C is a non-trivial abelian group, then 

eni*{P®) = ent*(K/3®) = ent'^(^® ) = 00. 
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Indeed, by [TTl Corollary 6.5], ent(/3i^:) = ent(x/3) = ent(/3^) = oo. Moreover, /3^ = kP, kP® = Pk, and 
'Pk = (Pk)~^ by T, Proposition 6.1]. Then Theorem O implies ent*(^^) = cnt(A'/3) = cx), ent*(K/3®) = 
ent(/3K) = oo and ent*(/3^) = ent((/3jf)^-^) = oo. 

We give now a direct computation of the value of the algebraic adjoint entropy of the Bernoulli shifts. The 
starting idea for this proof was given to me by Brendan Goldsmith and Ketao Gong. 

Proposition 6.2. Let p be a prime and K = Z(p). Then 

ent*(/3®) = ent*{Kp®) = ene(p%) = oo. 

Proof. Since K'^^'> = K^^^+\ we consider without loss of generality K^^+'f instead of iiT^^^, since it is convenient 
for our proof. Write K^^^ = 0„gp} (e„), where {e„ : n S N+} is the canonical base of K'^^\ 

(i) We start proving that ent*(/?^) = oo. Define, for i eN, 

I 1 if i = (2n)! + n for some n G N+, 
Oi[i) = < 

I otherwise. 

Jl if j = (2n + 1)! + n for some n e N+, 
1 otherwise. 

Let N2 = (ej - 6i{i)ei - d2{i)e2 : i > 3) e C{K(^^'>). Then ei, 62 ^ iV2 and ii'W = N2® (ei) © (ea). For every 
neN+, 

(e(2„)!,e(2„+i)!) C B„{I3®,N2); (6.1) 

indeed, (;0^)''(e(2„)!) = e(2„)!+fc G iV2 and (;S^)''(e(2„+i)!) = e(2„+i)!+fc G iV2 for every fc e N with fc < n. 
Moreover, 

(e(2„)!,e(2„+i)!)nB„+i(/3®,iV2) = 0. (6.2) 

In fact, since (e(2„)!, e(2„+i)!) C _B„ (/3® , iV2 ) , we have aie(2„!) + a2e(2„+i)! e -B„+i(/3^, A^a) for ai,a2 G Z(p) 
if and only if (/?^)"(aie(2„!) + a2e(2„+i)!) = aie(2„!+„) + a2e(2„+i)!+„ e N2; since e(2„!)+„ - ei G 7V2 and 
C(2n+i)!+ri ^ 62 G iV2, this is equivalent to aiCi + 02^2 G -^2, which occurs if and only if oi = 02 = 0. 
By (|0) and dO]) . for every n G N+, 



S«(/3^,A^2) 



i3„+i(/3®,7V2) 



>P^. 



So dLSl) gives H{I3®,N2) > 2\ogp. 

Generalizing this argument, for m G N-|-, m > 1, define, for i G 



<5i(z) = 

^m(j) = 



1 ii i = {mn)l + n for some n G N-|-, 

otherwise. 

1 if i = {mn + 1)! + n for some n G N+, 
otherwise. 



1 if i = {mn + m — 1)1 + n for some n G N+, 
otherwise. 



Let 7V„ = {ei - 5i{i)ei - ... - (5„(i)e„ : i > m + 1) G C(X('^)). Then ei, . . . , e^ ^ iV^ and i^T^^) == ^m © 
(ei) © ... © {em}- For every n G N+, 

(e(m„)!, ■ . ■ ,e(m„+m_i)!) '^ Bn{l3 j^ , Nm); (6.3) 

indeed, (/3^)''(e(„„)!) = e(„„),+fe G N.^, ■■■, (^^)''(e(mn+m-i)!) = e(„„+i)!+,„_i G A^™ for every /c G N with 
fc < n. 
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Moreover, 

(e(m„)!,e(„„+i)!) nBn+i{l3'^,N„i) = 0. (6.4) 

In fact, since {ci^rnny., ■ ■ ■ ,e(mn+ni-iy.) ^ Sn(^K'^m)''^ehaveaie(„„!) + ... + a™e(„„+,„_i)! € B„+i(/3f,, iV„) 
foroi,. . . ,am, G Z(p) if andonlyif (/3^)"(aie(„„!) + . . ■+ame(^rnn+m~iy.) = aie(m„!+„)+. . ■+ame(mn+m-iy.+n G 
iV^; since e(^rnn<.)+n - ei e 7V„, . . . , e(„„i+,„_i)!+„ - e„i e A'"„, this is equivalent to oiCi + . . . + a,„e,„ e A'"„, 
which occurs if and only if ai = . . . — a„i == 0. 
By fOI and dO]) . for every n G N+, 



B„(/3f,^m) 



B„+i(^^,iV„ 



>p" 



So (O yields H{p®,N^)> mhgp. 

We have seen that ent*(/3^) > mlogp for every m G N+ and so ent*(/3^) = cxd. 

m 

(ii) The same argument as in (i) shows that ent*(/3^) = oo. 

(iii) An analogous argument shows that ent*{K(3®) ~ oo. Indeed, it suffices to define, for every m G N4 



m > 1, 




S'mi^) = 



1 if i = (mn)l — n for some n G N+, 

otherwise. 

1 if i = {mn + 1)! — n for some n G N+, 
otherwise. 



1 ii i = (mn + m — 1)\ — n for some n G N+, 
otherwise, 



Nm = {ei — S[{i)ei — ... — 5'„^{i)em : i> m+ 1) G C(i4r(^'), and proceed as in (i). D 

Example 6.3. Let ii" be a non-trivial abelian group. 

Example 16. II (and so Proposition [521) is equivalent to ent* {(3j^) — ent* {k(3®) — ent* ^_ {Pk) — o°- 

On the other hand, we can consider the topology tk on K'^'^'^ (respectively, K'^'^^) induced by the product 
topology oi K^'^ (respectively, K'^). Clearly, tk < JkC') (respectively, tk < 7k(z)). Moreover, 

Cr^ (XW) = {0^ © i^(N\i^) ,FCN,F finite} 

(respectively, Cr^ (X(^)) = {0^ ® ^CzV-P) : F C Z, F finite}). 

Then we see that 
(i) ent^^(/3®) = 0and 

(ii) ent^^ (k/3®) = cnt*^^ (^|) = log \K\. 
Indeed, every N G CruiK^^''^) contains 

7V™ = 0®...©0©i^^\{°'--™-i> 



for some m G N+. By Lemma [3.11 it suffices to calculate the topological adjoint entropy with respect to the 

N ra- 
il) Let m G N+. For every n G N+, S„(/3®, A^™) = N^ and so H{P®,Nm) = 0. Therefore, ent*^(;3^) = 0. 
(ii) Let m G N+. For every n G N+, B„(x/3®,7V„) = A„,+„_i. So |C„(/f/3®, 7V„)| =^|ifr+»-i and 

hence H*{k(3®,N„,) = log |A:|. Consequently, ent*^(K/3®) = log |A:|. The proof that ent*^(^%) = log \K\ is 

analogous. 
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